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The nonlinear dynamic behavior of delaminated sandwich panels with a ﬂexible core is studied. A general analytical
model that accounts for the real contact characteristics of the delaminated interface is developed. The analysis character-
izes the inﬂuence of the contact phenomenon on the dynamic behavior of the sandwich structure and compares them to
simpliﬁed models in which the contact conditions at the delaminated interface are assumed a priori. The dynamic model
uses the high-order sandwich panel theory (HSAPT) that takes into account the ﬂexibility of the core and considers the
geometrically nonlinear eﬀects of the face-sheets as well as the nonlinearity associated with the real contact characteristics
of the delaminated surfaces. The dynamic governing equations, boundary conditions, and continuity requirements are
derived through the Hamilton principle. The formulation yields a set of coupled nonlinear partial diﬀerential equations.
The solution in time is based on the Newmark method of integration, and the solution in space uses the Multiple Shooting
method combined with a Newton–Raphson iterative scheme. Numerical results that reveal the inﬂuence of the contact
characteristics on the dynamic response of a sandwich panel are presented. In addition, the results are compared with ﬁnite
element analysis, and with the simpliﬁed models. The study reveals the inﬂuence of the real contact phenomenon on the
linear and nonlinear response and highlights its role in the dynamic response of the sandwich panel.
 2006 Elsevier Ltd. All rights reserved.
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The high strength and stiﬀness to weight ratios make modern sandwich structures attractive for advanced
aerospace, naval, transportation, and civil structural applications. Such sandwich panels consist of stiﬀ and
thin face-sheets joined together by a relatively thick, lightweight, and ‘‘soft’’ core. The deformability of the
soft core allows the development of localized deformations and stress concentrations, which are associated
with a relative displacement of the upper and the lower face-sheets, a change in the core height, and a non-0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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associated with a global behavior, localized dynamic eﬀects, and dynamic eﬀects through the depth of the
panel. It is also susceptible to debonding between the face-sheets and the core. The onset of delaminations
usually results from manufacturing defects, adhesive degradation, impact loads, or stress concentration due
to localized loading, see Triantaﬂlou and Gibson (1987), and Xu and Rosakis (2002a,b). Experimental inves-
tigations revealed that the delamination aﬀects the integrity of the structure, reduces the overall stiﬀness, and
modiﬁes the dynamic behavior of the panel, see Names and Simmonds (1992), Scarponi et al. (1996), Paoo-
lozzi and Peroni (1996), Kim and Hwang (2002), and Kim (2003). Moreover, in many cases, the delamination
leads to a premature failure of the panel below the design loads.
The delamination surfaces are free of shear stress, but can accommodate vertical normal compressive stress
if contact between the delaminated surfaces exists. The development of these vertical normal stresses depends
on the vertical deﬂections of the surfaces. This nonlinear phenomenon, where the existence of vertical normal
compressive stress depends on the deﬂection pattern, is denoted by the term ‘‘real contact’’. A more complex
case, where only some zones within the delaminated region are with contact and the other parts are without,
may also occur, see Fig. 1. The division of the delaminated regions into contact and no-contact zones may be a
result of: inertial forces; buckling of the face-sheets; the deﬂection pattern of the panel; external loads; or a
combination of these eﬀects. Furthermore, it may change during the motion of the panel yielding a time
dependant and space dependent nonlinear phenomenon. The neglect of these eﬀects may lead to inconsistent
results such as overlapping of the core and the face-sheet or the development of tensile stresses at the delami-
nated interface. In order to avoid these types of errors, the dynamic analysis of the delaminated panels must
include the nonlinear and time-dependent real contact characteristics.
The dynamic behavior of sandwich panels has been extensively studied. Kanematsu and Hirano (1988),
Wang et al. (2000), Sainsbury and Zhang (1999), and Yuan and Dawe (2002) analyzed the dynamic behavior
of fully bonded sandwich panels, while neglecting the compressibility of the core and the corresponding high-
order displacements, velocities, and accelerations eﬀects in the core. This type of analysis is applicable to pan-
els with traditional incompressible cores, see Plantema (1966), Allen (1969), Zenkert (1995) and Vinson (1999).
However, in panels with a soft core, the high-order displacement distributions through the height of the core
and the corresponding high-order acceleration and velocity ﬁelds play a major role in the response. Ng (1995),
Vaswani et al. (1988), Lok and Cheng (2000, 2001) studied the dynamic behavior of the sandwich panel using
beam theories that are based on an equivalent single layer approach (ESL). Using a similar approach, Kant
and Mallikarjune (1989) and Nayak et al. (2002) used the classical theory of laminates. This theory has also
been used by Kant and Swaminathan (2001) for the investigation of panels with a soft core. Although both the
equivalent single layer approach and the classical theory of laminates approach yield a satisfactory description
of the global behavior of the panel, they cannot account for relative displacement of the face-sheets and the
dynamic eﬀects through the thickness of the core. Moreover, diﬀerent boundary conditions for the face-sheets
and the core cannot be deﬁned.
In spite of the vast number of research works on fully bonded sandwich panels, only a small number of
studies focused on the dynamic behavior of delaminated sandwich panels. Lee (2000), Tracy and Pardoen
(1989), and Hu et al. (2002) examined such panels, but neglected the high-order displacements of the core
and the contact behavior of the delaminated surfaces. Studies that did consider the contact phenomenon asso-
ciated with the delaminated surfaces mostly focused on composite laminated panels; see Luo and Hanagud
(2000), Lu et al. (2001), for example. Furthermore, in these studies it was assumed that the existence (or
absence) of contact at the delaminated interface does not change during the motion. Comprehensive contact
analyses of a delaminated composite panel, in which the geometrically nonlinear behavior as well as the non-
linear contact characteristics were considered, were performed by Giannakopoulos et al. (1995) and Tian and
Swanson (1992). These studies reveal that the real nonlinear contact phenomenon aﬀects the fracture mechan-
ics parameters of the debonded laminate. However, they focused on the static behavior of the debonded com-
posite laminate where the time variation of the contact characteristics during the dynamic response of the
panel was not considered.
The static and dynamic response of delaminated sandwich structures with an incompressible core was stud-
ied by Chen and Bai (2002) and Kwon and Lannamann (2002)). Alternatively, Frostig et al. (1992) and Frostig
(1992) presented a high-order theory for the analysis of fully bonded and delaminated sandwich structures
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tures that are non-symmetric vertically in terms of properties, loads, and boundary conditions. Rabinovitch
and Frostig (2002) used the high-order approach for the analysis of delaminated circular sandwich plates
of a general lay-up. However, in Frostig (1992) and Rabinovitch and Frostig (2002) the real contact charac-
teristics at the delaminated surface have been determined through a trial and error process. While this
approach converges in relatively simple static problems, its application to dynamic problems where the real
contact characteristics vary in time and in space is elaborating, computational time and eﬀorts consuming,
and rarely results in convergence of the iterative scheme. Frostig and Sokolinsky (2000) adopted the high-
order theory for the nonlinear static analysis of delaminated sandwich beams. Yet, in this case, the contact
conditions have been presumed and kept constant regardless of the response of the structure.
Frostig and Baruch (1994) and Frostig and Thomsen (2004) used the high-order approach for the free
vibration analysis of fully bonded sandwich panels and plates only, respectively. In addition, the above studies
use unknowns that consist of displacement and stresses which may lead to a non-consistent variational formu-
lation if adopted without modiﬁcation to the dynamic problem (see Sokolinsky et al., 2003). The mixed for-
mulation is avoided in the proposed formulation (also see Frostig and Thomsen, 2004).
The main goal of this study is to characterize and explore the dynamic behavior of delaminated ‘‘soft’’ core
sandwich panels. Emphasis is placed on the real nonlinear contact conditions within the delaminated interface
and their inﬂuence on the overall dynamic response of the panel. In addition, the simpliﬁed assumption that
the response of the ‘‘real contact’’ is between the fully constrained case where the surfaces in the delaminated
region are always in contact, denoted by ‘‘with contact’’, and the case of delaminated surfaces that are free of
any stresses, denoted by ‘‘without contact’’ is examined. These goals are achieved using a theoretical model
that takes into account the high-order displacement, velocity, and acceleration ﬁelds in the core, the nonlinear
eﬀects associated with the time dependent contact characteristics of the delaminated surfaces, and the large
displacements of the face-sheets.
The formation of a delamination at the core–face interface divides the panel into fully bonded and deb-
onded regions. Each region is governed by a unique mathematical model and the regions are interconnected
through compatibility and equilibrium conditions. The governing equations of motion, the boundary condi-
tions, and the continuity requirements are derived through the Hamilton principle. The high-order displace-
ment, velocity, and acceleration ﬁelds in the core, the nonlinear contact phenomena, the geometrically
nonlinear behavior of the face-sheets, and the rotary inertia of the various components are accounted for.
The mathematical model considers the face-sheets as unidirectional panels that undergo an intermediate class
of deformations (large deﬂections, moderate rotations, and small strains). The core is assumed to be linear
elastic, with shear and vertical normal stresses resistance while its longitudinal stresses are negligible, and it
undergoes small deformations. The height of the core may change, and its plane section does not remain pla-
ner under loading. It is also assumed that the core–face interfaces in the fully bonded regions resist vertical
normal and shear stresses and that the debonded regions exist prior to the loading and do not grow. The loads
are applied to the face-sheets only.
The mathematical formulation including the governing equations, the boundary conditions, and the con-
tinuity conditions is discussed ﬁrst. Subsequently, the discretization in time and the numerical approach for
the solution in space are outlined. The numerical examples involving forced dynamic response of delaminated
panels and a comparison with ﬁnite elements analysis (ANSYS), are followed and a numerical comparison of
the three models of delamination without contact, delamination with contact, and real (time dependent) con-
tact conditions at the delaminated region is presented. Lastly, summary and conclusions are discussed.
2. Mathematical formulation
A sandwich panel that is debonded at one of its face–core interfaces is comprised of two types of regions: a
‘‘fully bonded’’ region and a ‘‘delaminated’’ region, see Fig. 1. In the delaminated region, the debonded sur-
faces can slip longitudinally one with respect to the other, but may remain in contact vertically. In order to
account for this eﬀect, the mathematical formulation must distinguish between these two types of zones. In
this chapter, the mathematical formulation of the problem, based on the Hamilton principle, is presented.
First, the variational principle and the kinematic and constitutive relations of the face-sheets are described.
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Fig. 1. A delaminated sandwich panel with partial contact conditions.
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kinematic and constitutive relations of the core are detailed. Finally, using the Hamilton variational principle,
the governing equations of motion, boundary conditions and continuity requirements are derived. The chapter
concludes with a detailed description of the procedure of the numerical solution.
2.1. Hamilton variational principle
The ﬁeld equations, boundary conditions, and continuity requirements are derived through the Hamilton
variational principle:d
Z t2
t1
ðT  ðU þ V ÞÞdt ¼ 0 ð1Þwhere T is the kinetic energy, U is the internal potential energy, V is the potential of the external loads, t is the
time coordinate, and d is the variational operator.
The ﬁrst variation of the kinetic energy reads:dT ¼
Z t2
t1
Z
vt
qtð _utðx; zt; tÞd _utðx; zt; tÞ þ _wtðx; zt; tÞd _wtðx; zt; tÞÞdvt þ
Z
vb
qbð _ubðx; zb; tÞd _ubðx; zb; tÞ

þ _wbðx; zb; tÞd _wbðx; zb; tÞÞdvb þ
Z
vc
qcð _ucðx; zc; tÞd _ucðx; zc; tÞ þ _wcðx; zc; tÞd _wcðx; zc; tÞÞdvc

dt ð2Þwhere the subscripts t, b, and c refer to the upper and lower face-sheets and the core, respectively; qi (i = t,b,c)
is the density of each constituent; ui(x,zi, t) and wi(x,zi, t) (i = t,b,c) are the displacements in the longitudinal
and vertical direction, respectively; ð_Þ denotes derivative with respect to time; vi and dvi (i = t,b,c) are the vol-
ume and the diﬀerential volume segments; and zi (i = t,b,c) is the vertical coordinate of the upper face-sheet,
the lower face-sheet, and the core, respectively, measured from the middle of each layer downwards. The nota-
tions, sign conventions, and the coordinate systems that are used in the model appear in Fig. 2.
The ﬁrst variation of the kinetic energy after integration of Eq. (2) by parts with respect to the time coor-
dinate and prescribing the displacements at t = t1 (initial conditions), read:
(b)
M (t) N (t)
P (t)
jt
jt
q (x,t) n (x,t)
t
b
N (t)
P (t)jb
jb
jb
m (x,t)
q (x,t)
t
t m (x,t)b
d
x,u
z ,wb b
bd
t
(a)
z ,wc c
x,u c
jt
N (x,t)xxtV (x,t)xzt
M (x,t)xxt
τ
N (x,t)xxbV (x,t)xzb
M (x,t)xxb
τ σzzc
Core
Upper
Face
x=xj
(c)
Lower
Face
c
ob
M (t)b
n (x,t)
x,u ot
z ,w
t t
c/2
c/2
V (x,t)c
c (x,t,z =c/2)c
σzzc (x,t,z =-c/2)cc(x,t,z =-c/2)
(x,t,z =c/2)
c
c
Fig. 2. Notations and sign conventions: (a) geometry and coordinate systems; (b) loads; (c) internal stress resultants.
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#
dt ð3Þwhere €uiðx; zi; tÞ and €wiðx; zi; tÞ ði ¼ t; b; cÞ are the accelerations in the longitudinal and vertical directions,
respectively; di (i = t,b) is the thickness of the upper and lower face-sheets, respectively; c the thickness of
the core; b is the width of the panel; and L is the length of the panel, see Fig. 2.
The ﬁrst variation of the internal potential energy read:dU ¼
Z t2
t1
Z
vt
rxxtðx; zt; tÞdexxtðx; zt; tÞdvt þ
Z
vb
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ðscðx; zc; tÞdccðx; zc; tÞ

þrzzcðx; zc; tÞdezzcðx; zc; tÞÞdvcdt ð4Þ
where rxxi(x,zi, t) and exxi(x,zi, t) (i = t,b) are the longitudinal normal stresses and strains, respectively,
sc(x,zc, t) and cc(x,zc, t) are the shear stress and shear angle in the core, respectively; and rzzc(x,zc, t) and
ezzc(x,zc, t) are the vertical normal stress and strain in the core, respectively.
The ﬁrst variation of the potential of the external loads isdV ¼
Z t2
t1

Z L
0
qiðx; tÞ þ
XNC
j¼1
P ijðtÞdDðx xjÞ
 !
dwiðx; tÞdx
Z L
0
miðx; tÞ þ
XNC
j¼1
MijðtÞdDðx xjÞ
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dwi;x dx
"

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0
niðx; tÞ þ
XNC
j¼1
NijðtÞdDðx xjÞ
 !
duoiðx; tÞdx
#
dt ð5Þwhere qi(x, t) and ni(x, t) are the external distributed vertical and longitudinal loads, respectively, and mi(x, t)
(i = t,b) are distributed external bending moments, exerted at the upper and the lower face-sheets; P ijðtÞ;NijðtÞ
and MijðtÞ ði ¼ t; bÞ are the external concentrated vertical loads, longitudinal loads, and bending moments,
respectively, exerted at the upper and lower face-sheets at x = xj; NC is the number of concentrated loads;
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ments, and rotation of the reference line of each face-sheet; and ( ),x denotes a partial derivative with respect to
x. For sign conventions, see Fig. 2.
2.2. Face-sheets: kinematic and constitutive relations
The kinematic relations for the upper and lower face-sheets (i = t,b), (see assumptions) read:uiðx; zi; tÞ ¼ uoiðx; tÞ  wi;xðx; tÞzi ð6Þ
exxiðx; zi; tÞ ¼ uoiðx; tÞ þ w 1
2
w2i;xðx; tÞ  ziwi;xxðx; tÞ ð7Þwhere w is a ﬂag for the geometrically nonlinear terms: when w = 1 the geometrically nonlinear terms are in-
cluded whereas when w = 0, the analysis is geometrically linear.
The constitutive relations for the face-sheets are those of the classical lamination theory as follows:Nxxiðx; tÞ ¼ bðA11iuoi;xðx; tÞ  B11iwi;xxðx; tÞÞ ð8Þ
Mxxiðx; tÞ ¼ bðB11iuoi;xðx; tÞ  D11iwi;xxðx; tÞÞ ð9Þwhere A11i, B11i and D11i (i = t,b) are the axial, coupling, and ﬂexural rigidities of the laminated composite
face-sheets, respectively.
2.3. Core: kinematics, constitutive relations, interfacial conditions, and displacement and stress ﬁelds
The kinematic relations of the core, see assumptions, read:ccðx; zc; tÞ ¼ uc;zcðx; zc; tÞ þ wc;xðx; zc; tÞ ð10Þ
ezzcðx; zc; tÞ ¼ wc;zcðx; zc; tÞ ð11Þwhere ð Þ;zc denotes a partial derivative with respect to zc.
The constitutive relations of the linear isotropic core read:rzzcðx; zc; tÞ ¼ Ecezzcðx; zc; tÞ ð12Þ
scðx; zc; tÞ ¼ Gcccðx; zc; tÞ ð13Þwhere Gc and Ec are the shear modulus and Young’s modulus of the core.
The longitudinal and vertical displacements of the core are assumed to take a cubic and quadratic polyno-
mial variation through the height, respectively, in accordance with closed form analytical solutions obtained
for the static case (Schwarts-Givli et al., 2006), and they equal:wcðx; zc; tÞ ¼ w0ðx; tÞ þ w1ðx; tÞzc þ w2ðx; tÞz2c ð14Þ
ucðx; zc; tÞ ¼ u0ðx; tÞ þ u1ðx; tÞzc þ u2ðx; tÞz2c þ u3ðx; tÞz3c ð15Þwhere ui(x, t) (i = 0,1,2,3) and wi(x, t) (i = 0,1,2) are the unknown functions. Hence, the acceleration ﬁelds of
the core read:€wcðx; zc; tÞ ¼ €w0ðx; tÞ þ €w1ðx; tÞzc þ €w2ðx; tÞz2c ð16Þ
€ucðx; zc; tÞ ¼ €u0ðx; tÞ þ €u1ðx; tÞzc þ €u2ðx; tÞz2c þ €u3ðx; tÞz3c ð17ÞA sandwich panel with a delamination at one of its face–core interfaces includes two types of regions: a
fully bonded region and a delaminated region. The delaminated region, which consists of debonded interfaces
that are free of shear stress, is further divided into two types of zones: The ﬁrst type of zone is characterized by
a vertical contact between the delamination surfaces and is termed ‘‘with contact zone’’, while the second one,
termed ‘‘without contact zone’’, consists of zones without vertical contact. The distinction between the various
regions/zones is achieved through diﬀerent conditions at the core–face interfaces.
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through the following conditions:uc x; zc ¼  c
2
; t
 
¼ uotðx; tÞ  dt
2
wt;xðx; tÞ ð18Þ
wc x; zc ¼  c
2
; t
 
¼ wtðx; tÞ ð19Þ
uc x; zc ¼ c
2
; t
 
¼ uobðx; tÞ þ db
2
wb;xðx; tÞ ð20Þ
wc x; zc ¼ c
2
; t
 
¼ wbðx; tÞ ð21ÞIn the debonded region, the surfaces may slip longitudinally one with respect to the other and the debonded
interfaces are free of shear stress. For example, when the upper face–core interface is debonded, the longitu-
dinal compatibility condition, Eq. (18) is replaced with the following one:sc x; zc ¼  c
2
; t
 
¼ 0 ð22ÞIn the vertical direction, a distinction must be made between the case where vertical contact exists and Eq.
(19) holds and the case where contact does not exist and the delaminated surfaces are free of vertical interfacial
normal stress. In the case without contact, the compatibility requirement, Eq. (19), is replaced by the following
condition:rzzc x; zc ¼  c
2
; t
 
¼ 0 ð23ÞAt the lower face–core interface, where full bond exists, the compatibility conditions, Eqs. (20) and (21), are
valid for both cases.
The stress and displacement ﬁelds in the core associated with the static case are generalized here to include
the time variable, and are determined by the equilibrium equations associated with each type of region and
zone, and by the corresponding interfacial conditions. Using the polynomial description, Eqs. (14) and
(15), the constitutive relations, Eqs. (12) and (13), and the compatibility/debonding conditions, Eqs. (18)–
(23), the functions of the displacements of the core are solved. In the debonded region, all seven functions
describing the displacement ﬁelds of the core are expressed in terms of the displacements of the face-sheets.
On the other hand, in the fully bonded regions, only six functions are expressed and the seventh function
w0(x, t) remains unknown. The formulation which includes the equilibrium equations for each region and zone
appears in (Schwarts-Givli et al., 2006). Therefore, only the resulting stress and the displacement ﬁelds of the
core are presented next.
The stress and displacement ﬁelds of the core for the three types of zones: fully bonded, debonded with con-
tact, and debonded without contact, are generalized here to include the time parameter. Using the ﬂag ai,
introduced for brevity, they read:wcðx; zc; tÞ ¼ a1 1 4z
2
c
c2
 
w0ðx; tÞ þ 2a1c2 z
2
c 
a1
c
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8
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6
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c
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8
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2
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db
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a2 ¼ 1 and a1 ¼ a3 ¼ 0 for debonded regions and zones without contact
a3 ¼ 1 and a2 ¼ a1 ¼ 0 for debonded regions and zones with contact;
which can accommodate vertical compressive or tensile normal stress:
ð26ÞThe corresponding stress ﬁeld in the core isrzzcðx; zc; tÞ ¼ 4a1zcc2 þ
a1
c
þ a3
c
 
Ecwbðx; tÞ þ 4a1zcc2 
a1
c
 a3
c
 
Ecwtðx; tÞ  8a1zcc2 Ecw0ðx; tÞ ð27Þ
scðx; zc; tÞ ¼  a1c Gcuotðx; tÞ þ
a1
c
Gcuobðx; tÞ þ db
2c
þ 1
6
 
a1Gcwb;xðx; tÞ þ dt
2c
þ 1
6
 
a1Gcwt;xðx; tÞ
þ 2a1
3
Gcw0;xðx; tÞ ð28ÞThe above polynomial description of the displacement ﬁeld of the core is deﬁned in terms of displacement
unknowns opposed to the formulation used in (Sokolinsky et al., 2003 and Yang and Qiao, 2005). Hence, it
allows a general and consistent variational formulation and avoids the hybrid formulation of the governing
equation in terms of deformations and stresses and the corresponding time dependent compatibility equations
(Sokolinsky et al., 2003 and Yang and Qiao, 2005). Also, the displacement and stress ﬁelds (Eqs. (16) and (17)),
Eqs. (24), (25) and (27), (28), satisfy identically the interfacial boundary conditions associated with each region.
2.4. Equations of motion
The equations of motion for the various regions and zones of the delaminated sandwich panel are derived
through substitution of the kinematic relations and the displacement ﬁelds for the face-sheets (Eqs. (6) and (7))
and the core (Eqs. (10), (11) and (24), (25)), the corresponding acceleration ﬁelds, and the stress ﬁelds of the
core (Eqs. (27) and (28)) into the Hamilton principle, Eq. (1), and integrating by parts. They read:Nxxt;xðx; tÞntðx; tÞþMt€uotðx;tÞþa1 Qcðx;tÞc þ
Mcdb
12
þ13Mcc
360
 
€wb;xðx;tÞ Mcdt
6
þ17Mcc
360
 
€wt;xðx;tÞ

þMc
3
€uotðx;tÞþMc
6
€uobðx; tÞþMcc
90
€wo;xðx;tÞ

¼0 ð29Þ
Nxxb;xðx; tÞ  nbðx; tÞ þMb€uobðx; tÞ þ a1Qcðx; tÞc þ a1
Mc
6
€uotðx; tÞ þ 1 2a1
3
 
Mc€uobðx; tÞ
þ db
2
 dba1
3
þ a2c
2
þ 17a1c
360
þ a3c
3
 
Mc€wb;xðx; tÞ þ a3c
6
 13a1c
360
 a1dt
12
 
Mc€wt;xðx; tÞ  a1c
90
Mc€w0;xðx; tÞ ¼ 0
ð30Þ
Mxxt;xxðx; tÞ þMt€wtðx; tÞ WNxxt;xðx; tÞwt;xðx; tÞ WNxxtðx; tÞwt;xxðx; tÞ
þ 4a1Mzcðx; tÞ
c2
þmt;xðx; tÞ  qtðx; tÞ  Imt  a3
Mcc2
20
 a1 67Mcc
2
7560
 a1 17cdt
360
 a1 d
2
t
12
 
€wt;xxðx; tÞ
 ða3 þ a1ÞRzcðx; tÞc  a1
dt
2c
þ 1
6
 
Qc;xðx; tÞ þ a1
17c
360
þ dt
6
 
Mc€uot;xðx; tÞ
þ a1dt
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þ 13a1c
360
 a3c
6
 
Mc€uob;xðx; tÞ þ a1Mc
15
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 
Mc€wbðx; tÞ þ a3
3
þ 2a1
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Mc€wtðx; tÞ
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2
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 a3cdb
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þ 13a1cdt
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2
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2
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þ a1dbdt
24
 
Mc€wb;xxðx; tÞ ¼ 0
ð31Þ
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 Imb€wb;xxðx; tÞ  2a3
15
þ 67a1
7560
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3
 
c2 þ 1
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6
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2
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360
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 a1 1
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þ db
2c
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13c
360
þ db
12
 
Mcdb€uot;xðx; tÞ
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180
þ c
2
945
 
Mc€w0;xxðx; tÞ þ a1Mc
15
€w0ðx; tÞ þ a3
6
 a1
30
 Mc
30
€wtðx; tÞ
þ 2a1
15
þ a3
3
þ a2
 
Mc€wbðx; tÞ  db
2
 a1db
3
þ a3c
3
þ 17a1c
360
þ a2c
2
 
Mc€uob;xðx; tÞ ¼ 0 ð32Þ
 2a1
3
Qc;xðx; tÞ 
8a1
c2
Mzcðx; tÞ þ a1 c
2
945
þ dbc
180
 
Mc€wb;xxðx; tÞ þ a1Mcc€uob;xðx; tÞ
90
þ a1Mc€wtðx; tÞ
15
þ a1Mc€wbðx; tÞ
15
þ 8a1Mc€w0ðx; tÞ
15
þ a1 c
2
945
þ dtc
180
 
Mc€wt;xxðx; tÞ  2a1c
2
945
Mc€w0;xxðx; tÞ
 a1Mcc€uot;xðx; tÞ
90
¼ 0 ð33Þwhere Qc(x),MQ1c(x),MQ2c(x) are the high-order shear stress resultants in the core; Rzc(x) andMzc(x) are the
high-order vertical normal stress resultants in the core;Mi, Imi (i = t,b, c) are the mass and the moment of iner-
tia, respectively, of the face-sheets and the core; Nxxi(x, t) (i = t,b) and Mxxi(x, t) (i = t,b) are the in-plane and
the bending moment stress resultants, respectively, at the upper and lower face-sheets. The various stress resul-
tants are deﬁned as follows:fQcðx; tÞ;MQ1cðx; tÞMQ2cðx; tÞg ¼
Z c
2
c2
Z b
0
scðx; zc; tÞf1; zc; z2cgdy dzc ð34Þ
fRzcðx; tÞ;Mzcðx; tÞg ¼
Z c
2
c2
Z b
0
rzzcðx; zc; tÞf1; zcgdy dzc ð35Þ
fNxxiðx; tÞ;Mxxiðx; tÞg ¼
Z di
2
di
2
Z b
0
rxxiðx; zi; tÞf1; zigdy dzi ði ¼ t; bÞ ð36Þ2.5. Governing equations
The governing equations of each region and zone are deﬁned by the appropriate values of the a’s param-
eters, see Eq. (26). In the case of a fully bonded region, the set of the governing equations consist of ﬁve cou-
pled partial nonlinear 14th order (in space) diﬀerential equations. For brevity, the set of the governing
equations is described byLfbi ðwt; ðx; tÞ;wbðx; tÞ; uotðx; tÞ; uobðx; tÞ;w0ðx; tÞÞ ¼ F iðx; tÞ i ¼ 1; . . . ; 5 ð37Þwhere Lfbi is a diﬀerential operator and Fi(x, t) is the external load vector. These equations are nonlinear due to
the geometrical nonlinearity of the face-sheets.
The governing equations of the debonded zone (with or without contact) consist of a set of four partial
nonlinear 12th order (in space) diﬀerential equations, in which the corresponding contact boundary conditions
are identically satisﬁed, see Section 2.3. The governing equations of the debonded zone with contact yield
interfacial vertical normal stresses that may be either tensile or compressive stresses. However, in reality,
86 H. Schwarts-Givli et al. / International Journal of Solids and Structures 44 (2007) 77–99the delaminated interface cannot resist tensile stresses. Hence, the governing equations are valid only if the
following condition is fulﬁlled:rzzc x; zc ¼  c
2
; t
 
< 0 ð38ÞNotice this criterion may be replaced, using Eq. (27), by the following condition:fðx; tÞ  wtðx; tÞ  wbðx; tÞ > 0 ð39ÞThe conditions for a zone without contact require detached delaminated surfaces. Hence, the governing
equations are applicable if the following condition is fulﬁlled:wc x; zc ¼  c
2
; t
 
> wtðx; tÞ ð40ÞWhile this criterion, using Eq. (24), is equivalent to the condition:fðx; tÞ  wtðx; tÞ  wbðx; tÞ < 0 ð41Þ
Notice that the two conditions, Eqs. (38) and (40), depend only on the sign of the function f. Hence, the use
of a step function yields a uniﬁed set of nonlinear diﬀerential equations for the various zones within the deb-
onded region and it takes the following form:Ld woci ðwtðx; tÞ;wbðx; tÞ; uotðx; tÞ; uobðx; tÞÞ þ DLdb wci ðwtðx; tÞ;wbðx; tÞ; uotðx; tÞ; uobðx; tÞÞHðfðx; tÞÞ
¼ F iðx; tÞ i ¼ 1; . . . ; 4 ð42Þwhere DLdb wci ¼ Ldb wci  Ldbwci ; Ldbwci is a diﬀerential operator that describes the governing equations of the
‘‘without contact zone’’; Ldbwci is the diﬀerential operator of the ‘‘with contact zone’’; and H is the step func-
tion deﬁned byHðnÞ ¼
0 n < 0
1 nP 0
( )
ð43ÞTherefore, the contact boundary conditions that correspond to the ‘‘with and without contact’’ conditions are
inherently incorporated in the governing equations through the Heaviside function, which reﬂects the nonlin-
ear nature of the contact behavior. The above set of governing equations combines the nonlinearities due to
the geometrical nonlinearities of the face-sheets and the nonlinearity due to the real contact behavior, through
the Heaviside function, of the delaminated surfaces.
2.6. Boundary, continuity, and initial conditions
The delaminated sandwich panel consists of bonded and debonded regions that are interconnected through
continuity requirements and fulﬁll the boundary conditions.
The boundary conditions at the ends of the panel (x = 0,L) are:
For the face-sheets, (i = t,b):kNxxiðtÞ ¼ NijðtÞ or uoiðtÞ ¼ uoiðtÞ
 kMxxiðtÞ ¼ MijðtÞ or wi;xðtÞ ¼ wi;xðtÞ
kV xziðtÞ ¼ P ijðtÞ þ kmtðtÞ or wiðtÞ ¼ wiðtÞ
ð44Þand for the core:kV ceqðtÞ ¼ V ceqðtÞ or w0ðtÞ ¼ w0ðtÞ ð45Þ
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a1Mc€wt;xðx; tÞ ð48Þk = 1 at x = 0, k = 1 at x = L; and the over-bar refers to prescribed deformations forces, and bending mo-
ments at the edges. Notice that when the delaminated region exists at one of the edges of the panel the bound-
ary conditions include Eq. (44) and do not include BC’s at the edges of the core.
The continuity requirements at any location x = xj including at the edges of each region and zone along the
panel, consist of the following conditions for the face-sheets, i = (t,b):uoiðxðÞj ; tÞ ¼ uoiðxðþÞj ; tÞ; wiðxðÞj ; tÞ;¼ wiðxðþÞj ; tÞ; wi;xðxðÞj ; tÞ ¼ wi;xðxðþÞj ; tÞ
NxxiðxðÞj ; tÞ  NxxiðxðþÞj ; tÞ ¼ NijðtÞ; MxxiðxðÞj ; tÞ þMxxiðxðþÞj ; tÞ ¼ MijðtÞ;
V xziðxðÞj ; tÞ  V xziðxðþÞj ; tÞ ¼ P ijðtÞ
ð49Þwhere the () and (+) superscripts refer to locations left and right of x = xj respectively. These requirements
are valid for all types of regions, yet, the deﬁnition of the shear forces in the face-sheets depend on the appro-
priate values of a1, a2 and a3, see Eqs. (46)–(48).
For the core, a transition between diﬀerent types of regions is involved with diﬀerent continuity conditions.
The continuity conditions between two fully bonded regions, at x = xj, read:w0ðxðÞj ; tÞ ¼ w0ðxðþÞj ; tÞ ð50Þ
V ceqðxðÞj ; tÞ ¼ V ceqðxðþÞj ; tÞ ð51ÞIn the transition section between two adjacent debonded regions (either with or without contact), no con-
tinuity conditions are imposed.
Since the shear stress within the debonded region must be null, it follows from Eq. (48) that Vceq(xj, t) = 0 in
the debonded region. Hence, in the transition section between a fully bonded region and a debonded region,
the only continuity condition that is imposed on the bonded side of the core reads:V ceqðxj; tÞ ¼ 0; ð52Þ
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For the face-sheets, (i = t,b):uoiðx; t1Þ ¼ uoiðxÞ and _uoiðx; t1Þ ¼ _uoiðxÞ
wiðx; t1Þ ¼ wiðxÞ and _wiðx; t1Þ ¼ _wiðxÞ ð53ÞFor the core:woðx; t1Þ ¼ woðxÞ and _woðx; t1Þ ¼ _wðxÞ ð54Þ3. Solution procedure
The numerical solution of the nonlinear governing equations is accomplished through time integration
using the Newmark–Beta method with a constant average acceleration. Following Newmark (1959), and using
b = 1/4 and c = 1/2, the velocities and accelerations at the end of the k 0th time step (i.e. at t = tk+1) are
expressed in terms of the displacements, velocities, and accelerations at the beginning of the interval (at
t = tk) and the unknown displacements at t = tk+1 as follows:€Ykþ1ðxÞ ¼ 4Dt2 ðYkþ1ðxÞ  YkðxÞÞ 
4
Dt
_YkðxÞ  €YkðxÞ ð55Þ
_Ykþ1ðxÞ ¼ 2Dt ðYkþ1ðxÞ  YkðxÞÞ 
_YkðxÞ ð56Þwhere Y(x) = {wt(x),wb(x),wt,x(x),wb,x(x),uot(x),uob(x),w0(x)} is the vector of unknowns and Dt = tk+1  tk is
the time interval. In the fully bonded region, the discretization in time yields a 14th order set of ﬁve nonlinear
ordinary diﬀerential equations at every time, tk+1, which reads:Lfbi ðwkþ1t ðxÞ;wkþ1b ðxÞ; ukþ1ot ðxÞ; ukþ1ob ðxÞ;wkþ10 ðxÞÞ ¼ f ki fbðxÞ þ F kþ1i ðxÞ i ¼ 1; . . . ; 5 ð57Þ
In the debonded region, the discretization in time yields a 12th order set of four nonlinear ordinary diﬀerential
equations at every time, tk+1:Ldb woci w
kþ1
t ðxÞ;wkþ1b ðxÞ; ukþ1ot ðxÞ; ukþ1ob ðxÞ
 	þ Ldb wci wkþ1t ðxÞ;wkþ1b ðxÞ; ukþ1ot ðxÞ; ukþ1ob ðxÞ 	HðfÞ
¼ F kþ1i ðxÞ þ f kidb wcðxÞ  HðfÞ þ f kidb wocðxÞ i ¼ 1; . . . ; 4 ð58Þwhere f ki fbðxÞ; f kidb wocðxÞ, and f kidb wcðxÞ are pseudo loads for the fully bonded region, debonded zone without
contact, and debonded zone with contact, respectively. These terms are determined based on the known solu-
tion at t = tk and they are introduced into the governing equations, Eqs. (37) and (42), through the Newmark
integration formulae (Eqs. (55) and (56)). The nonlinear nature of the diﬀerential equations for the fully
bonded region, Eq. (57), stems from the geometrical nonlinearity of the face-sheets. However, for the deb-
onded region, Eq. (58), it is attributed to both geometrical nonlinearity of the face-sheets and the nonlinear
contact conditions (thorough the Heaviside function). In the numerical study, presented next, the solution
of the above linear and nonlinear diﬀerential equations, along with the appropriate boundary and continuity
conditions, is achieved using the Multiple Shooting method combined with the Newton–Raphson iterative
scheme, see Stoer and Bulirsch (1980).
4. Numerical study
The dynamic behavior of a delaminated sandwich panel, simply supported at its lower face-sheet, is numer-
ically studied. The density and elastic moduli of the glass-ceramic face-sheets are qt = qb = 4400 kg/m
3 and
Et = Eb = 36 GPa, respectively. The core is made of an isotropic polymethacrylimide foam of density
qc = 52 kg/m
3 and elastic module Ec = 0.05 GPa and Gc = 0.02 GPa. The study focuses on three cases: The
ﬁrst one appears in Fig. 3(a) and includes a 20 mm delaminated region located at the mid-span. Here, the geo-
metrically nonlinear terms are omitted (n = 0), thus, the nonlinearity of the model is solely attributed to the
real contact behavior at the debonded interface. The second case is similar to the ﬁrst one, but it considers the
Fig. 3. A linear dynamic behavior of a sandwich panel with a delamination at the mid-span: (a) Geometry; Time-domain response of the
face-sheets at x = 150 mm: (b) vertical displacement; (c) longitudinal forces; (d) bending moments. Legend: (- - -) with contact, (—) without
contact, ( ) real contact.
H. Schwarts-Givli et al. / International Journal of Solids and Structures 44 (2007) 77–99 89nonlinear geometrical behavior of the face-sheets (n = 1). The third case examines a panel with two delami-
nated regions along with geometrically nonlinear in the face-sheets, see Fig. 10(a).
The response of the nonlinear model of the ‘‘real contact’’ (compressive vertical normal stresses only) is also
compared with the simpliﬁed models, ‘‘without contact’’ (free of any stress traction) and ‘‘with contact’’ (com-
pressive and tensile vertical normal stress). The assumption adopted by many researchers that the simpliﬁed
models provide upper and lower bounds to the actual real contact behavior of the panel is examined.
4.1. Delamination at mid-span – linear model
The ﬁrst example investigates the dynamic behavior of the delaminated sandwich panel that appears in
Fig. 3(a) assuming kinematics of small deformations. The curves of the vertical displacements, longitudinal
90 H. Schwarts-Givli et al. / International Journal of Solids and Structures 44 (2007) 77–99forces, and bending moments in the face-sheets at mid-span versus time for all three types of debonded zones
appear in Fig. 3(b)–(d). These results reveal that the inplane stress resultants in the upper face-sheet of all three
models are identical, see Fig. 3(c). On the other hand, the vertical deﬂections and the bending moments are
signiﬁcantly diﬀerent, see Fig. 3(b) and (d). Notice, that when the panel is moving in the downwards (positive)
direction (and the load is pointing downwards), the vertical displacements and the bending moment of the
face-sheets in the ‘‘real contact’’ model coincide with those of the ‘‘with contact’’ model (see Fig. 3(b) and
(d), respectively). This is explained by the contact along a signiﬁcant length of the delaminated region that
is forced by the downwards concentrated external force. Alternatively, when the motion of the panel is
upwards (and the force points in the same direction), the real contact model follows the results of the without
contact one. This eﬀect is illustrated through the deformed shape of the panel and the distributions of the ver-
tical normal stresses at the upper core–face interface and presented at t = 2 ms in Fig. 4(a) and (b), respec-
tively. On the other hand, the deformed shape and the vertical normal stress distributions at t = 4 ms that
appear in Fig. 4(c) and (d), respectively, show that when the load is directed upwards, the delaminated upper
face-sheet moves away from the core and the vertical normal stresses vanish. The variation of the vertical nor-
mal stresses at mid-span with time appears in Fig. 4(e) and also describes when this point is in contact. Notice
that to some extent, the higher frequencies aﬀect the response. The fact that the results of the real contact
model coincide with either the ‘‘with contact’’ or the ‘‘without contact’’ models alternately veriﬁes the real con-
tact methodology proposed here. Hence, the results suggest that the same approach can be reliably applied to
the nonlinear (large deformations) analysis.
Another important aspect is the localized eﬀects that develop at the delamination tips. Fig. 5 describes the
vertical displacements, the longitudinal forces, the bending moments, and the shear stress resultants of the
face-sheets, and the vertical normal stress at the upper face–core interface in the bonded region at the delam-
ination tip (x = 140 mm) with respect to time. The comparison between the real contact model and theFig. 4. Deformed shape and vertical normal stresses at the debonded interface of a linear mid-span delaminated panel at various times. At
t = 2 ms: (a) deformed shape; (b) vertical normal stresses; and at t = 5 ms: (c) deformed shape; (d) vertical normal stresses; (e) vertical
normal stress at the mid-span of the upper core–face interface versus time. Legend: (- - -) with contact, (—) without contact, ( ) real
contact.
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Fig. 5. Deﬂections, stresses and stress resultants of the face-sheets at the delamination tip (x = 140 mm) of the bonded region versus time,
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vertical normal stresses. Legend: (- - -) with contact, (—) without contact, ( ) real contact.
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Fig. 5(a), the bending moments, see Fig. 5(c), the shear forces, see Fig. 5(d), and the vertical normal stress of
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tively, the results show that the diﬀerences observed between the real contact model and the simpliﬁed ones
are not negligible. Moreover, it is seen that the response of the ‘‘without contact’’ model is not always con-
servative as commonly assumed. This behavior is further demonstrated in Fig. 6 that describes the bending
moments of the face-sheets at a location far from the concentrated load but still within the debonded region
(x = 145 mm). Here, the ‘‘real contact’’ model yields a diﬀerent behavior than the simpliﬁed models do. More-
over, in some cases the ‘‘with contact’’ model is more conservative then the ‘‘without contact’’ model, while in
other cases the opposite is true. These observations emphasize that the simpliﬁed models do not deﬁne bounds
for the ‘‘real contact’’ response and cannot be considered as conservative for design approach.
The results of the proposed analytical model are also compared with the results of a commercial ﬁnite ele-
ment package (ANSYS). The ﬁnite element analysis (FEA) and the analytical results correspond to the simpli-
ﬁed model of ‘‘without contact’’ that assumes that the debonded surfaces are stress free. The BEAM54 element
with the oﬀset option, isotropic and negligible shear deformation is used for the face-sheets and for the core, the
four node 2D plane stress bilinear elements, PLANE42, used. The core is assumed to be linear, elastic, and
orthotropic with Gcxy = Gczy = 10
4Gcxz and Ecxx = Ecyy = 10
4Eczz. The boundary conditions used in the
FEA involve constraining of the vertical displacement at the left end of the lower face-sheet only, and symmetry
conditions at mid-span. The debonding is achieved by creating a small space (about 1% of the face-sheets thick-
ness) between the debonded face-sheet and the core. The FEmesh includes 20 elements through the thickness of
the core and 300 elements along the length of the panel. It should be noted that an inherent limitation of the FE
software is that large deformations analysis is applied to all elements (face-sheets as well as the core). This leads
to signiﬁcant distortions of the core elements and to severe convergence problems.
The comparison of the response of the panel between the analytical model and the FEA appears in Fig. 7.
The time-domain response is presented in terms of the vertical displacement, the axial forces in the face-sheets,
the bending moments at mid-span, the vertical reaction at the left support, and vertical normal stresses at the
upper core–face interface. Note that in Fig. 7, the bending moments of the face-sheets associated with the FEA
includes a correction that takes into account the contribution of the longitudinal force due to the oﬀset of the
beam element nodes. The comparison reveals good correlation between the results of the ﬁnite elements and
the analytical model. The discrepancies in the bending moment of the lower face sheet and in the vertical nor-
mal stress in the core are a result of the diﬀerent longitudinal stiﬀness of the core, which in the present model is
null while being very small, but not totally neglected, in the numerical results of the FE model. Additional
contributors to the diﬀerences are the slightly diﬀerent boundary conditions at the location of the support
due to the oﬀset of the element nodes, and the singularity introduced at regions with stress concentrations,
such as in the vicinity of the delamination tips, external loads, and constraints. In order to cope with this type
of stress concentrations, a large number of ﬁnite elements are required, which requires large computer
resources. The proposed analytical model does not suﬀer from these numerical ineﬃciencies.
4.2. Delamination at mid-span – nonlinear model
The vertical deﬂections, the longitudinal forces and the bending moments in the face-sheets of a mid-span
delaminated panel (see Fig. 3(a)) with a geometrical nonlinear conditions, w = 1, appears in Fig. 8. Generally
speaking, the geometrical nonlinearity increases the ﬂexibility of the structure. Therefore, even if the face sheetFig. 6. Bending moments of the face-sheets at x = 145 mm versus time, of a linear mid-span delaminated panel. Legend: (- - -) with
contact, (—) without contact, ( ) real contact.
Fig. 7. A time domain comparison of a linear mid-span delaminated panel between the proposed model and FE results (Ansys) at
x = 150 mm: (a) vertical displacement of the face-sheets; (b) longitudinal forces in the face-sheets; (c) bending moments in the face-sheets;
and at x = 0 (d) vertical reaction; (e) vertical normal stresses at the upper core–face interface. Legend: (—) FEA (Ansys), ( )
proposed model without contact.
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entire panel. Indeed, the results indicate that the response is substantially diﬀerent as compared with the linear
model, see Fig. 3(b). Therefore, a geometrically nonlinear theory must be applied to the face-sheets and should
not be neglected.
The time-domain response in terms of the vertical displacements of the face-sheets at mid-span appear in
Fig. 8(a). It is seen that when the panel moves downwards, the results of the ‘‘real contact’’ model follow the
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from those of the two simpliﬁed models. Moreover, the displacements of the ‘‘real contact’’ model are not
bounded by the other two models. Due to the diﬀerent thicknesses of the upper and lower face-sheets
(0.5 mm and 1 mm, respectively), the dynamic behavior of the panel is dissimilar when the panel moves down-
wards or upwards. In particular, the largest displacement downwards is about twice that of the upwards one.
When moving upwards, the thicker face-sheet is compressed, while when moving downwards the thin face-
sheet, which is more sensitive for buckling, is compressed. This phenomenon is more signiﬁcant for the ‘‘with-
out contact’’ model rather than for the ‘‘with contact’’ or ‘‘real contact’’ ones.
The axial forces and the bending moments in the face-sheets at mid-span appear in Fig. 8(b) and 8(c), respec-
tively. The curves of the axial force of the ‘‘real contact’’ model follow the ones of the ‘‘with contact’’ model.
However, the bending moments in the face-sheets at the mid-span of the ‘‘real contact’’ model alternately follow
those of ‘‘with and without contact’’ models, see Fig. 8(c). Notice, that the axial forces in the upper and lower
face-sheets are almost equal, which implies that the longitudinal inertial forces are relatively small.
The response of the panel in terms of the vertical normal stresses in the upper core–face interface at the tip
of the delamination (x = 140) and the vertical reaction at the left support appear in Fig. 9(a) and (b), respec-
tively. The results of the vertical normal stresses demonstrate the ability of the proposed model to detect these
stresses without the singularities developed at this point. These results can be further used as a basis for theFig. 8. Deﬂections and stress resultants of the face-sheets at mid-span (x = 150 mm) versus time, of a nonlinear mid-span delaminated
panel: (a) vertical displacement; (b) longitudinal forces; (c) bending moments. Legend: (- - -) with contact, (—) without contact, ( )
real contact.
Fig. 9. Interfacial stresses and vertical reaction versus time, of a nonlinear mid-span delaminated panel: (a) vertical normal stresses at
delamination tip of the bonded region (x = 140 mm); (b) vertical reaction at the left support. Legend: (- - -) with contact, (—) without
contact, ( ) real contact.
H. Schwarts-Givli et al. / International Journal of Solids and Structures 44 (2007) 77–99 95evaluation of a dynamic fracture mechanics (energy release rate) criterion for the growth of the debonded
region. The curves also reveal that the results of the ‘‘real contact’’ model alternately follow those of the ‘‘with
and without contact’’ models and that the upwards motion of the panel is more aﬀected by the high frequency
motions. Yet, this eﬀect is less prominent than the one predicted by the simpliﬁed ‘‘without contact’’ model.
Fig. 9(b) compares the dynamic and static response of the vertical reaction at the left support. The ratio
between the dynamic and the static vertical forces is relatively high and attains values as high as 3, which
reﬂects the signiﬁcant contribution of the inertia forces and dynamic ampliﬁcation. Fig. 9(b) also clariﬁes that
due to the contact and the geometrically nonlinear eﬀects, the frequency of the response of the panel changes
within the time domain and diverges from the frequency of the applied harmonic load.
4.3. Two debonded regions – nonlinear model
In this case, the nonlinear dynamic behavior of the panel with two debonded regions, see Fig. 10(a), is inves-
tigated. The results, see Fig. 10(b), reveal that the vertical displacements of the face-sheets at mid-span of the
‘‘real contact’’ model are bounded by the two simpliﬁed models. It is due to the fact that the debonded regionsFig. 10. Nonlinear dynamic behavior of a sandwich panel with two debonded regions: (a) geometry; (b) vertical displacements at the mid-
span of the face-sheets versus time. Legend: (- - -) with contact, (—) without contact, ( ) real contact.
Fig. 11. Deformed shape, vertical normal stresses and shear stress of a nonlinear panel with two debonded regions at various times. At
t = 2 ms: (a) deformed shape; (b) vertical normal stresses; (c) shear stress; and at t = 7 ms: (d) deformed shape; (e) vertical normal stresses;
(f) shear stress; (g) magniﬁcation of the debonded surfaces. Legend: (- - -) with contact, (—) without contact, ( ) real contact.
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erned by the inertial forces and the geometrically nonlinear behavior of the face-sheets. The deformed shape of
the panel and the distribution of the shear and the vertical normal stresses at the upper core–face interface along
the span at two diﬀerent times (t = 5 ms and t = 7 ms) appear in Fig. 11. These results show that vertical contact
zone takes a relatively small portion of the delaminated region. This contact zone forms at the ends of the deb-
onded region only, and it changes its location from the left end to the right end of the debonded region during
the motion of the panel, see Fig. 11(b) and (e). The distribution of the shear stress reveals the high gradients that
develop near the tips of the delaminated region, see Fig. 11(c) and (f). These gradients signiﬁcantly aﬀect the
magnitude of the vertical normal stresses near the tips of the debonded region. In addition, the excitation of
the high frequencies, predicted by the simpliﬁed ‘‘without contact’’ model and the ‘‘real contact’’ model, do
not exist in the ‘‘with contact’’ model. Notice, that in the cases examined here, the role of the contact zone
although is relatively short, yields a response that follows the ‘‘with contact’’ model.
5. Summary and conclusions
The nonlinear dynamic behavior of delaminated sandwich panels with a soft core has been analytically
studied. The ‘‘real contact’’ eﬀects at the delaminated surfaces, the high-order displacement, velocity, and
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sheets have been implemented in the model. A quadratic and a cubic polynomial description that is based on
the analytical closed form solution of the displacement ﬁelds under static loads has been adopted for the ver-
tical and the longitudinal displacements through the depth of the core, respectively. This approach yields a
consistent nonlinear high-order dynamic formulation that is based on a variational principle. The sets of
the coupled nonlinear partial diﬀerential equations that govern the behavior of the fully bonded and the deb-
onded regions have been derived. The unique initial boundary and continuity conditions have been deﬁned.
Boundary and continuity conditions which are arbitrary, and may diﬀer from one face-sheet to the other at
the same section, thus allowing analysis of structures with real boundary conditions (for example: simply sup-
ported at the lower face-sheet and free at the upper face-sheet and the core) have been developed. The gov-
erning equations along with the boundary, continuity and initial conditions have been numerically solved.
The Newmark method has been adopted for the time integration, and the Multiple Shooting method com-
bined with a Newton–Raphson iterative scheme have been used for solving the nonlinear (due to geometrical
nonlinearity and real contact conditions) problem in space.
The results have demonstrated the ability of the nonlinear high-order analytical model to describe the non-
linear dynamic response of the delaminated panel and to account for the ‘‘real’’ contact conditions. In addi-
tion, the ability of the model to describe the stress and displacement ﬁelds along the panel and at the tip of the
interfacial delamination zone and their variation in time has been demonstrated. In particular, the model
copes with the high shear stress gradients and stress concentrations that form near the tips of the delaminated
region and near concentrated external loads which avoiding the numerical diﬃculties associated with FE anal-
ysis of the delaminated sandwich panel. Furthermore, the stress and displacement ﬁelds quantitatively
described by the analytical model can provide the basis for the evaluation of a dynamic fracture mechanics
(energy release rate) criterion for the growth of the debonded region.
The numerical examples have focused on the contact eﬀects at the delaminated surfaces and its inﬂuence on
the dynamic response of the panel. The results of the ‘‘real contact’’ model have been compared with the two
simpliﬁed models of ‘‘with and without contact’’. The comparison of the results reveals that the two simpliﬁed
models may deviate signiﬁcantly from those of the ‘‘real contact’’ model both in terms of the time dependent
response of the panel and in terms of the dynamic magniﬁcation factor. Moreover, they also demonstrate that
the simpliﬁed ‘‘with and without contact’’ models do not always deﬁne the upper and the lower bounds for the
‘‘real contact’’ response. In addition, neither of the simpliﬁed models can be considered as a conservative
approximation of a debonded sandwich panel for design purposes. Moreover, it has been found that the
dynamic behavior of the delaminated panel is substantially diﬀerent under the assumptions of geometrical lin-
ear or nonlinear conditions of the face-sheets. Furthermore, the excitation of high frequencies, predicted by
the simpliﬁed ‘‘without contact’’ model and the ‘‘real contact model, has shown to signiﬁcantly aﬀect the
behavior of the structure. The results of the proposed model have been compared with ﬁnite elements analysis
(Ansys), and revealed a good agreement.
The results presented in this paper highlight the necessity of a nonlinear ‘‘real contact’’ model combined
with a nonlinear geometric behavior for the design, analysis, and use of sandwich panels subjected to dynamic
loads. The ‘‘real contact’’ model which also accounts for ‘‘soft’’ core materials and real boundary conditions,
and can cope with stress concentrations without special numerical diﬃculties faces this challenge and provides
an adequate solution for the dynamic analysis of delaminated modern sandwich panels.References
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